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Let £ = [F, be the finite field with ¢ elements.
Suppose G = PGLy(k((t71))).

G has a maximal compact subgroup K = PG Lo (k[[t™!]]) and
let T" be a discrete subgroup such as PG Ly (k[t]).

We consider the coset space X = G/K with G acting on it.

The pair (I, X) is analogous to the classical setup
(SLo(Z),H), where H is the upper half plane.

The space X can be endowed with a structure of tree on
which T acts without inversion.

There is a natural adjacency operator on X, which induces an
operator 11 on the quotient graph I'/ X .

Eisenstein series are eigenfunctions for 1T, whose eigenvalues
represent the continuous spectrum of Tp.
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Kac-Moody groups G may be viewed as infinite dimensional
analogs of Chevalley groups.

They may be given by generators and relations. We will also
consider a Chevalley type construction using integrable
highest weight modules.

We consider G in rank 2 and over the finite field k.

These groups resemble PG Lo(k((t™1))) and there is a pair of
subgroups P; for = 1,2, which play the role of K in this
setting.

The associated Bruhat Tits building X is a tree.
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The standard parabolic subgroup P, is an analog of the
subgroup I, so we denote it by the same notation.

In our earlier work, we studied the quotient graph of groups of
I" acting on X, which is the following single ray,

and defined congruence subgroups of it.

Our agenda for this seminar is to define Eisenstein series for
the pair (G,I") induced by a character on the set of vertices of
tree of G.

This Eisenstein series will be an analog of Eisenstein series
defined for PG Lo (k]t]) and the classical non-holomorphic
Eisenstein series of SLo(Z) on the upper half plane.

We discuss its constant term, its convergence and
meromorphic continuation.
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Related Work

» Garland with his collaborators and others extended the
classical theory of Eisenstein series to affine Kac-Moody
groups.

» Beyond affine type, Carbone et. al studied the Eisenstein
series of hyperbolic Kac-Moody groups.

» Our work is a locally compact analog since the tree is locally
finite. This gives us Haar measure that allows us to carry out
integration on the Kac-Moody group.
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Kac-Moody Algebra

» We start with a rank 2 symmetric Generalized Cartan matrix A

2 —-m
> 2.
(—m 2>,m_2

m If m = 2, then A is of affine type.
m If m > 3, then A is of hyperbolic type.

» We denote by g the Kac-Moody algebra associated with A.

> As a Lie algebra g is generated by Chevalley generators
{eifi |i=1,2} and b.
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Roots and Weyl Group

> Let IV = {a,ay} and II = {1, a2} be the set of simple
coroots and simple roots, respectively.
» Suppose Q and Q" denote the root and coroot lattices,
respectively.
> Let A denote the set of roots and A, (A_) the set of
positive (resp. negative) roots.
> Let W be the Weyl group and by A" = WII the set of real
roots.
» We need the following two subsets of .
m A= {(wiwy)" | ne€Z}.
m AT = {(wyw2)" | n € Zxo}.
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Carbone-Garland Kac-Moody Groups

» An incomplete rank 2 Kac-Moody group associated with g has
the presentation G (k) = (x4a,(t) 11 =1,2,t € k),
m where fort € K,

Xai (t) = exp (tp(ei)), X—a; (1) := exp (tp(fi)) and

p:g— V>
is an integrable highest weight representation with highest

weight A.

» Once k and A\ are fixed, we drop it from the notation and just
write (Gg.
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v

Fori=1,2and t € k*, w;(t) = Xa; (t)X—a, (=t 1) Xa, (£)-
Let w; := UNJZ'(l) and hai<t) = ﬁ)i(t)ﬁji.

We denote by H, the Cartan subgroup generated by h;(t) for
i=1,2and t € k*.

For o € A", let U, be the one parameter subgroup
corresponding to real root a.

The group Gg has a pair of unipotent subgroups
UgE = (xa(u) | € AT¢, u € k),

where A = A™ N AL.
The subgroups Ug’ and U, are the analogs of upper and
lower triangular subgroups, respectively.
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Complete Kac-Moody Groups

» We write (G for the representation theoretic completion of G
given by Carbone and Garland in 2003.

» We have B* = HU* where U is the completion of UJ.

» G admits twin BN—pairs (G, B, N), which yield the Bruhat
decompositions
G= || B*wB*.
weW
» The standard parabolic subgroups are given as

P* = B* U B*w;B*.
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Notation: Tits Building

> Let X be the Tits Building associated with G.
» X is a homogeneous, bipartite tree of degree ¢ + 1.
> X has

m set of vertices VX 2 G/P, UG/Ps.
m set of edges EX =~ G/BUG/B.

» The following part of X describes how this labeling is done
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lwasawa Decomposition

>

Fori=1,2, let
Age = {—Oég_z‘, — W30y 5. .. } U {Ozz', WiO3_jy .« }

Let U; be the closure of the group generated by U, with

a € Al and K = P;, fori = 1,2, Carbone and Garland show
that G = U1 AK = U AK.

Using the Iwaswa decomposition, we write G = I; Ll Is, where
fori=1,2

I; .= U U (wiws—;)" Py U U U x(wjws—;)" Pa

TEU; n€L>0 T€U; n€L>q
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lwasawa Decomposition and Vertices

Proposition
Every vertex on X corresponds to a coset in the lwasawa
decomposition of GG.

Main Steps in Proof:
m Forw e W, set ST = Ay Nw(Az) and define the following
finitely generated subgroups U(fw = (Uy | @ € SE).
m We let ng’w be the subgroup generated by U, for
a € A\ SE.

Lemma
If X is regular and w € W, then Uy = Uy’Up .y = Up 1, Uy’

Corollary
Forw € W and X regular, we have U = Ut*U,, = U, UTY.
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Adjacency and Iwasawa Cells

Let v be a vertex of X.
» Suppose £, be the set of vertices adjacent to v, that is
Q ={y e V(X) [ d(z,y) = 1}.
» Then Q, = Q UQF, which are the translates of vertices of
the standard simplex.
> Let L{i(wiwg_i)”(i)Pj be the lwasawa cell corresponding to v,
fori,j =1,2.

> Let the elements of the sets Q! and QY correspond to the
Iwasawa cell with A-component lengths k'(i) and ki, (i),
respectively, where m =1,2,...,q.
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Adjacency and Iwasawa Cells

Proposition
We have
n—1 if j=3i
1) k(i) =
(1) k(0 {n if j=i.
n if j=3i
2) k4 (4) =
( ) km(2> {n—I—l if j=i.

The following local picture gives a graphical interpretation of
the above proposition.

Figure: Local picture of adjacent vertices
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Character and Adjacency Operator
> Fori=1,2,s€C*"and g € Us(wjws—_;)" D P; we set

q—SQn(i) If] =3

\Ilz‘,s g) = .
( ) {q—s(Zn(l)—l) If] -3

» Let F(X)={f:VX — C} and d(—, —) be the distance
function on V(X).
» We define the adjacency operator T' on F(X) by setting, for

all z € VX
Tfx)= > f).

d(z,y)=1

Theorem
The character V; ; is an eigenfunction for the adjacency operator

T with an eigenvalue q'=° + ¢*.
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Eisenstein series

» For I to be the subgroup P, of G, then I'NU; # @ for
i=1,2.
» Define the Eisenstein series F; s on I\ X = 12 T\G/P;,

Eis(9Pj) = Z U, s(vgPj), j=1,2.
~ye(I'ni;)\I'
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Theorem
The Eisenstein series E; s(g) converges absolutely, provided
Re(s) > 1.

Proposition

Let T" be a lattice subgroup of G, v = uya,k, € I' with u, € U;,
ay = (wiws—;)") € A, i =1,2, k, € K. Then n;(v) is bounded
below, that is, there exists ng € 7 such that n;(7y) > ng for all
vel.
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Constant Term

> Let g € G, then the constant term of E , relative to U is
Cu(Br o) = [ Erug)d
qul\ul

» The definition of constant term makes sense since we can
integrate relative to Haar measure.

Proposition
We have
Cuy(Ers) = Wi +c(s)V11—s,

where c(s) € C is a constant depending on s.
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Meromorphic Continuation

The series we define is meromorphically continuous and to show
this we use Selberg/Bernstein method.

» For this we define the Seigel sets and show that they have
finite self intersection.

» Consequently, a certain truncation operator lives on a finite
graph and hence it is compact.

P Using the compact operator criterion with Bernstein method,
we obtain the the required continuation.
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Final Remarks

» Qutside of affine case, our Eisenstein series is the first
example for Kac-Moody groups over finite fields.

> As stated earlier, in our previous work we have defined
congruence subgroups of I', constructed their graph of groups
and have shown that those are lattice subgroups.

» The future direction for the current work is to extend our
constructions for these congruence subgroups.



Thank You



